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Introduction

Graphical Models
— Brief Overview

Part I: Tree Structured Graphical Models
— Exact Inference

Part 11: Mixed Membership Models

— Latent Dirichlet Allocation
— Generalizations, Applications

Part Il1: Graphical Models for Matrix Analysis
— Probabilistic Matrix Factorization
— Probabilistic Co-clustering
— Stochastic Block Models
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Graphical Models: What and Why

o Statistical Data Analaysis
— Build diagnostic/predictive models from data
— Uncertainty quantification based on (minimal) assumptions
e The l.I.D. assumption
— Data is independently and identically distributed
— Example: Words in a doc drawn i.i.d. from the dictionary
o Graphical models
— Assume (graphical) dependencies between (random) variables

— Closer to reality, domain knowledge can be captured
— Learning/inference is much more difficult
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Flavors of Graphical Models

Basic nomenclature
— Node = random variable, maybe observed/hidden
— Edge = statistical dependency

Two popular flavors: ‘Directed’ and ‘Undirected’

Directed Graphs

— Adirected graph between random variables, causal dependencies
— Example: Bayesian networks, Hidden Markov Models @
— Joint distribution is a product of P(child|parents) ®/

X0
i
Undirected Graphs &) \®

— An undirected graph between random variables
— Example: Markov/Conditional random fields
— Joint distribution in terms of potential functions
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Bayesian Networks

€]
jood

o
o

« Joint distribution in terms of P(X|Parents(X))

ooooo

= JIPXilXt, ... . Xi—1)

_ H P(X;|Parents(X;))
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Example I: Burglary Network

*

P(B)

001

B E |P(AB.E)
T T| .95
T F| .04
F T | .29
F F | .00l

P(E)

Earthquake 002

A | PJA)
T| .90
F| .05

A [P(MA)
MaryCalls T| .70
F| .01

This and several other examples are from the Russell-Norvig Al book
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Computing Probabilities of Events

P(B) P(E)
Burglary Earthquake ) [ 3
P(A|B,E)

95
.94
29
.001

I RS I
RN I

P(J]A) A [P(MA)

F .05 F .01

* Probability of any event can be computed:
P(B,E,A,J,M) = P(B) P(E|B) P(A|B,E) P(J|B,E,A) P(M|B,E,AJ)
=P(B) P(E) P(AB,E) PJIA) P(M|A)
o Example:
P(b,—e,a, =j,m) = P(b) P(-e)P(alb,—e) P(—jla) P(m|a)
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Example Il: Rain Network

C |P(5|C)
T A0
F S0

P(C)

50

S RI[P(W[S.R)
T T| .99
T F| .90
F T| .90
F F| .01

Graphical Models

C |P(R|C)
T| .80
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Example lll: “Car Won'’t Start” Diagnosis

\4
‘\Q&
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Inference

P(E)

P(B)
Earthquake 002

P(AB,E)

95
94
.29
001

o A |
o |

A | P(JA) A [P(M|A)
IFRIRCEDIHE:
e Some variables in the Bayes net are observed

— the evidence/data, e.g., John has not called, Mary has called

» Inference
— How to compute value/probability of other variables
— Example: What is the probability of Burglary, i.e., P(b|—j,m)
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Inference Algorithms

o Graphs without loops: Tree-structured Graphs
— Efficient exact inference algorithms are possible

— Sum-product algorithm, and its special cases
» Belief propagation in Bayes nets
» Forward-Backward algorithm in Hidden Markov Models (HMMs)

o Graphs with loops

— Junction tree algorithms
» Convert into a graph without loops
» May lead to exponentially large graph
— Sum-product/message passing algorithm, “‘disregarding loops’
» Active research topic, correct convergence ‘not guaranteed’
» Works well in practice

— Approximate inference

Graphical Models
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Approximate Inference

Variational Inference

Deterministic approximation
Approximate complex true distribution over latent variables

Replace with family of simple/tractable distributions
» Use the best approximation in the family

Examples: Mean-field, Bethe, Kikuchi, Expectation Propagation

Stochastic Inference

Simple sampling approaches

Markov Chain Monte Carlo methods (MCMC)
o Powerful family of methods

Gibbs sampling
» Useful special case of MCMC methods

Graphical Models
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Part I Tree Structured Graphical Models

The Inference Problem

Factor Graphs and the Sum-Product Algorithm

Example: Hidden Markov Models

Generalizations

Graphical Models
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The Inference Problem

P(B)

i Ml B B -

E |P(AB.E)
T 95

F| .94

T | .29

F 001

JohnCalls

P(J|A)

90
05

P(E)

Earthquake 002
A |P(MA)
MaryCalls T | 10
F| .01

How can we compute P(b|j, m)?
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Complexity of Naive Inference

» Simple query can be answered using Bayes rule
» From Bayes Rule

P(b, j, m)
2 m)

» Each marginal can be obtained from the joint distribution

P(b,j.m) = Y > P(bEAj.m)
E A

PG.m) = > Y Y P(B,E,Aj,m)
g E A

» Each term can be written as product of conditionals

P(b,E,A.j, m) = P(b)P(E)P(Alb, E)P(j|A)P(m|A)

P(blj, m) =

» The complexity of the simple approach is O(n2")

Graphical Models
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Bayes Nets to Factor Graphs

D (=) (o @
D @3
2y OO @)

fa(x1) = p(x1) fe(x2) = p(x2) fc(x1, X2, x3) = p(x3|x1, X2)

fo(x3, xa) = p(xa|x3) fe(x3, x5) = p(xs|x3)

Graphical Models
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Factor Graphs: Product of Local Functions

g(z1, 22, 23,24, x5) = falz1) fp(e2) fo(e1, w2, x3) fp(23, 24) fp(e3, 5)

@y ‘ @\@ @)
fa B Je b fEe
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Marginalize Product of Functions (MPF)

e Marginalize product of functions
g(x1,x2, X3, x4, x5) = fa(x1)fp(x2)fc(x1, X2, x3)fp(X3, Xa) fE (X3, Xs5)

e Computing marginal functions

gl XI § 24 X17X27X37X47X5)

NXI
e The “not-sum” notation

Z f(XlaXZaX?)) — Z f(XlaXQaX?))

XD X1,X3
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MPF using Distributive Law *

* We focus on two examples: g,(X;) and g,(X,)
e Main ldea: Distributive law

ab + ac = a(b+c)
e For g,(x,), we have

g% )= fA(Xl)Z (fB(Xz )fc(x1, x2, x3) (Z fo(x3, Xa ) (Z f.&(X3-X5))>

~X1 ~X3 ™~ X3

* For g;(X;), we have

g3(x3 (Z fa(x1)fe(x2)fc (X1, x2. X3 ) (Z D (X3, X4 ) (Z fE(Xg.X5)>

X3 a3 X3
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Computing Single Marginals

e Main Idea:
— Target node becomes the root
— Pass messages from leaves up to the root

il £ N
\ZT1 ) L4 )
fa
:’/-_- | _\\'I
L2} \ 3
L2) b3
x /1’ | /i’ 5 if; i) l/{ )
/B b fE > \&2) \l4)  \TS)
TN e “'x,l L L
L7 J \r "
4 \{ 2 j A j B
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Message Passing

To Parent

OS>

| \
J !

! |
|
r’/ f
.""I lr
/o
)
|
/ 1] ® & ® & #
|

From Children

T
r'

S

To Parent =

From Children

Compute product of descendants Compute product of descendants with f

Then do not-sum over part
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Example: Computing g,(x,)

gi(x1) = fA(Xl)Z (fB(Xz )fc(x1, X2, X3) (Z fo(x3, Xa ) (Z fg(Xg.X5)>)

F\.-X3
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Example: Computing g5(X5)

g3(x3 (Z fa(x1)fe(x2)fc(x1, x2, X3 ) (Z fo(x3, Xa ) (Z f.&(X;a-XS))

wx?}

~X3 ~X3

(i tn |
s Je l;@@\ L I
rq i}\%\ :><: o
. I
I\zjn'{:fr:}f: ZN‘ b
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Hidden Markov Models (HMMSs) *

Zi—] Zi+1

Latent variables:
Z0yZ11- 1241320 Zpsgr - 2T

Observed variables:
Xqse e X 1o XpsXpagr - - XT

Inference Problems:
1. Compute p(X;.7)
2. Compute p(z|X;.1)

3. Find max,, _p(zy.1lXy:7)

Similar problem for chain-structured
Conditional Random Fields (CRFSs)
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The Sum-Product Algorithm *

e To compute g;(x;), form a tree rooted at x;

 Starting from the leaves, apply the following two rules
— Product Rule:
At a variable node, take the product of descendants
— Sum-product Rule:
At a factor node, take the product of f with descendants;
then perform not-sum over the parent node

e To compute all marginals
— Can be done one at a time; repeated computations, not efficient
— Simultaneous message passing following the sum-product algorithm
— Examples: Belief Propagation, Forward-Backward algorithm, etc.

Graphical Models
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Sum-Product Updates

@ Variable to local function:

,U-X—>f(X) — H Hh—x

hen(x)\f
@ Local function to variable:

pfox(x) = Z (f(x) H lfy—>f()/)) e

e yen(f)\{x}



Sum-Product Updates

""ﬂ( ARE;

Graphical Models
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Example: Step 1

Li—x (X1) = fa(x1)
fifg—x, (X2) fe(x2)
B wigl ] = 1
Usssfe(xs) = 1

Graphical Models
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Example: Step 2

/—-f'fA—>X1 (Xl )

= Ufzox(X2)

= ) fp(x3, xa) hxysty (Xa)

~J X3

— Z fD (X3, X5) fxs— £ (X5)

~ X3

Graphical Models

29



Example: Step 3

Hfc—x3 (X?)) = Z fC(le X2, X3)/—-[’X1—}fc(Xl))(-l'XQ—>f(_‘ (X2)
~ X3
!'["X3—>fc (X3 ) — N fD — X3 (X3 )N f,x_: — X3 (X3 )

Graphical Models
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Example: Step 4

H“fc—ﬁq (Xl) =

Hfe—xo (X2) =

H‘Xg, —1fp (X3 )

)u'X3—>fE (X3) -

Z fC(le X21 X3)M‘X2%fc (XZ)I'[’Xg—HfC (X3)

Z. fC(Xlﬂ. X2, X3))U'X1—>f(: (Xl))U‘X3—>fC (X3)

~ Xz

[ ek X b s X5)

Bsse A 80 Mg a5

Graphical Models
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Example: Step 5

= Mp—sx kx)

= Ufesx(X2)

= ) fp(x3. %) - (x8)

NX4

= Z fD(X3? X5)!{‘{‘X3_>fE (X5)

~ X5

Graphical Models
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Example: Termination

Marginal function is the product of all incoming messages

g1(x1)

82\ X2

O

S
P e T N Ly
o5

)
)
)
)

X5

o

ll fA—>X1 (Xl )/—-[‘fc—b‘(l (Xl )

Hfg—x\ X2 ) L fe—xo (XQ)

(

(
Hfy—sxq (Xa

(

!—-['fg—>X5 X5

Graphical Models

)

M fe—x3\ X3 )NfD — X3 (X?) )ﬂ fE—x3 (X3 )
)
)
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HMMs Revisited

Zi—] Zi+1

Latent variables:
Z0yZ11- 1241320 Zpsgr - 2T

Observed variables:
Xqse e X 1o XpsXpagr - - XT

Inference Problem:
1. Compute p(X;.1)
2. Compute p(zx;.7)

Sum-product algorithm is known
as the “forward-backward’ algorithm

Smoothing in Kalman Filtering
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Distributive Law on Semi-Rings *

« |dea can be applied to any commutative semi-ring

e Semi-ring 101

— Two operations (+,%): Associative, Commutative, ldentity

— Distributive law: axb + axc = ax(b+c)

K “(+,0)” “(-,1)"  short name
L. A (+> 0) (': 1)
2. A[LB] (+& 0) ('r 1)
3. A[ws Y ] (+?0) (': 1)
4. [0, 00) (+,0) (w1)  sum-product
5. (0, o0] (min, 00) (,1)  min-product
6. [0, 00) (max, 0) (1)  max-product
7. (—-o00,00] (min,o0)  (+,0) min-sum
8. [-o0,00) (max,—o0) (+,0) max-sum
9. {0,1} (OR, 0) (AND, 1) Boolean
10. 2 (U, 0) (N, S)
11. A (v,0) (A1)
12. A (A1) (v, 0).

Graphical Models

*Belief Propagation in Bayes nets
*MAP inference in HMMs
*Max-product algorithm
Alternative to Viterbi Decoding
«Kalman Filtering

*Error Correcting Codes

*Turbo Codes
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Message Passing in General Graphs

e Tree structured graphs
— Message passing is guaranteed to give correct solutions
— Examples: HMMs, Kalman Filters

o General Graphs

— Active research topic
» Progress has been made in the past 10 years
— Message passing
* May not converge
« May converge to a ‘local minima’ of ‘Bethe variational free energy’

— New approaches to convergent and correct message passing

« Applications
— True SKill: Ranking System for Xbox Live
— Turbo Codes: 3G, 4G phones, satellite comm, Wimax, Mars orbiter

Graphical Models
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Part II: Mixed Membership Models

o Mixture Models vs Mixed Membership Models

Latent Dirichlet Allocation

Inference

— Mean-Field and Collapsed Variational Inference
— MCMC/Gibbs Sampling

Applications

Generalizations

Graphical Models
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Background: Plate Diagrams

o

3

Compact representation of large Bayesian networks

Graphical Models

AN
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Model 1: Independent Features

aaaaaaaaaaaaaaaa

rrrrrrrrrrrrrrrr

Graphical Models

d=3, n=1

0.3
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Model 2: Naive Bayes (Mixture Models)

-

~

d

2
i
o
(o)

df

o

Graphical Modey
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Nalve Bayes Model

Graphical Models

>

A
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Nalve Bayes Model

Graphical Models

>

A
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Model 3: Mixed Membership Model

d

S
q
o
0

dl

Graphical Models
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d

L
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Mixed Membership Models

*

@

Loto—6

Graphical Models
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Mixed Membership Models

*

@

n

Loto—6

d
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-
N
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Mixture Model vs Mixed Membership Model

4 N A

X X X
X ~ - - D - \
(-1 N 0.1 0.7 0.9
[] [] ‘ i
3 21 3.1 2.1
-1 -2
-0.5 -1.5 - / - /
- J _ Yy,
Single component membership Multi-component mixed membership

\_ 2N /
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Latent Dirichlet Allocation (LDA) *

/ a distribution over topics

Dirichlet priors _—~ for each document

— pP@ ~ Dirichlet(a)

distribution over words topic assignment
for each topic ~ // for each word

~ :
a ] z; ~ Discrete(z @)
K

N word generated from
— assigned topic

\ ] .
a ] X; ~ Discrete(S®)
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LDA Generative Model

Graphical Models
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LDA Generative Model

OO e

0 T Z Xm

1. Choose 7 ~ Dir(«)

documentl document2

2. For each of d tokens (z;,[7]1") in x:

(a) Choose a component z; ~ Discrete().

(b) Choose x; from p(x;|3.,), a Discrete distribution conditioned
on the topic z;.
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Learning: Inference and Estimation

@ Learning

o Estimate model parameters («, 3) to maximize log-likelihood
e Infer ‘'mixed-memberships’ of documents

@ Expectation Maximization
o E-step: Calculate posterior probability p(m, z|x, a, 5) to obtain

L(c, B) = log p(x|a, 5) Iog/z X, T, z|a, B)dm
= Iog/ Zp(xm,ﬁ)p(:

o M-step: Maximize L(a, 3) w.r.t. (o, ()

oI ﬁ)dﬂ'

@ Issues: Posterior probability cannot be obtained in closed form
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Variational Inference

@ Introduce a variational distribution g(, z|v, ¢) to
approximate p(m, z|x, a, ()

@ Use Jensen’s inequality to get a tractable lower bound

log p(x|a, B) > Egllog p(x, 7, z|a, B)] + H(q(T, z))

@ Obtain a family of lower bounds
o A lower bound for each (v, ¢)

o Maximize the lower bounds w.r.t. (v, ¢)
o Equivalent to minimizing KL(q(, z|7v, ®)| p(7, z|x, a, 5))

e Maximize the best lower bound w.r.t. («, 3)
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Variational EM for LDA

L(, ®; o, B) = lower bound to log-likelihood L(c, [3)

@ E-step: Given model parameters (a(t),ﬁ(t)), find variational
parameters:

(”y(t“), C/)(Prl)) = argmax L(v, ¢; olt), Iﬁg(f))
(7:9)
o Now L(y(HD) ¢lt+1): o 3) serves as a lower bound for L(a, 3)

@ M-step: Obtain an improved estimate of the model
parameters:

(ot gH1)) = argmax L(yFHD), ¢t1); o, B)
(a,3)
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E-step: Variational Distribution and Updates

@ Fully factorized distribution over the latent variables

m
q(ﬂ-‘? Z\q’;ﬂ Qb) — qurichlet(ﬂ-If}/) H qdiscretE(zj ’d)j)

=
B ) ( N
Q T

<
__,( > ,_( > , 7N
Ox @ \_> \_/
o I z X m . LT |m Z

Graphical Models
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M-step: Parameter Estimation

o For fixed (74, ¢g), the lower bound is optimized over (a, [3)
@ Updates for word distributions

@ «v can be estimated using an efficient Newton method

@ Alternate E- and M-steps till convergence
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Results: Topics Inferred

“Arts” “Budgets” “Children” “Education”
NEW MILLION CHILDREN SCHOOL

FIL.M TAX WOMEN STUDENTS
SHOW PROGRAM PEOPLE SCHOOLS
MUSIC BUDGET CHILD EDUCATION
MOVIE BILLION YEARS TEACHERS
PLAY FEDERAL FAMILIES HIGH
MUSICAL  YEAR WORK PUBLIC

BEST SPENDING PARENTS TEACHER
ACTOR NEW SAYS BENNETT
FIRST STATE FAMILY MANIGAT
YORK PLAN WELFARE NAMPHY
OPERA MONEY MEN STATE
THEATER PROGRAMS PERCENT PRESIDENT
ACTRESS GOVERNMENT CARE ELEMENTARY
LOVE CONGRESS LIFE HATTT

and the social services.”

Hearst Foundation Pi
: Lincoln Center’s share will be
will house young artists and provide new
New York Philharmonic will receive $400.000 each. The Juilliard School. where music and
the performing arts are taught. will get $250.000
of the Lincoln Center Consolidated Corporate Fund
donation, too.

I

Caluci

PO T ST I for TN
public Iacilities

The Hearst

The William Randolph Hearst Foundarion will give $1.25 million to Lincoln Center, Metropoli-
tan Opera Co., New York Philharmonic and Juilliard School.
real opportunity to make a mark on the future of the performing arts with these grani
every bit as important as our traditional areas of support in health, medical research.
nt Randolph A. Hearst said Monday in
$200,000 for its new building. which
The Metropolitan Opera Co. and

“Our board felt that we had a

Foundation, a leading supporter
will make 1its usual annual

Graphical Models
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Results: Perplexity Comparison

7000
— Smoothed Unigram
A w&: Smoothed Mixt. Unigrams
6500—".‘ —— LDA
x == Fold in pLSI
6000
5500
s
B 5000
O
® 4500 "
o e
4000 e
3500 Ed R iy
~x
3000} a - o
2500 1 1 | | | | 1 1 | |
0 20 40 60 80 100 120 140 160 180 200

Number of Topics

| S log p(x;)
Perplexity(X) = exy { — 2'_171 - }
pleity(X) = exp ST s
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Aviation Safety Reports (NASA)

Contact Us

Aspe Aviation Safety Reporting System

- - 3

Program Information Report to ASRS Search ASRS Database Safety Publications International Online Resources

ASRS captures canfidential reporis, analyzes the resulting aviation safety data,
and disseminates vital information to the aviation community

REPLAY

REPORT TO ASRS QUICK LINKS CALI BACK VIEW ALL

Try our new Electronic Report Below are a few useful links. CALI BACK is our Monthly Safaty
Submission below. ' Publication. Read and subscribe below.
» ASRS Database Online

v Electronic Report Submission » ASRS Report Sets @*Issue #343 HIML PDFE
» Paper/US Mail Submission v ASRS Proorain BHehn @’ 1ssue #342 HIML PDF

v Join CALL BACK E-MNotification list

v» ASRS General Aviation Weather
Encounters Report

ASRS Website Administrator: Mariana Carmona || NASA/ASRS Director: Linda Connell
MNASHE Privacy Statement || NASA Home || MNASA Ames



Results: NASA Reports |

Arrival Passenger Maintenance
Departure
runway passenger maintenance
approach attendant engine
departure flight mel
altitude seat 222
turn medical air craft
tower captain Installed
air traffic control attendants check
heading lavatory Inspection
taxi way told fuel
flight police Work

Graphical Models
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Results: NASA Reports |

Medical Wheel Weather Departure
Emergency Maintenance Condition
medical tire knots departure
passenger wheel turbulence sid
doctor assembly aircraft dme
attendant nut degrees altitude
oxygen spacer Ice climbing
emergency main winds mean sea level
paramedics axle wind heading
flight bolt speed procedure
nurse missing air speed turn
aed tires conditions degree

Graphical Models
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Two-Dimensional Visualization for Reports

300 -

The pilot flies an owner's
- airplane with the owner as a
passenger. Loses contact with

the center during the flight. )

1123

100

¥ O

-100 -

While performing a sky
diving, a jet approaches at
the same altitude, but an

- | | | accidentl IS avoidepl.
-400 300 =200 -100 0 100 200 300

200 -

Red: Flight Crew Blue: Passenger Green: Maintenance
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Two-Dimensional Visualization for Reports

300 -

200

200

/Altimeter has a problem, but\ 1123

the pilot overcomes the
difficulty during the flight.

During acceleration, a flap retraction )
iIssue happens. The pilot then returns to
base and lands. The mechanic finds out

the problem.
/
2300 | | | | | | |
-A00 -300 -200 -100 0 100 200 300
Blue: Passenger Green: Maintenance

Red: Flight Crew
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Two-Dimensional Visualization for Reports

300 -

The captain has a 112;
- medical emergency. .
477 o
100
@OO ® @ 5 O g
|:|_
-10 . .
The pilot has a landing gear
problem. Maintenance crew
4 joins radio conversation to help.
300 | | | | | | |
-400 -300 200 -100 0 100 200 300
Red: Flight crew Blue: Passenger Green: Maintenance
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Mixed Membership of Reports

300 -

200 -

—=

[}

[}
I

200 -

-300

Flight Crew: 0.7039
Passenger: 0.0009
Maintenance: 0.2953

Flight Crew: 0.1405
Passenger: 0.0663
Maintenance: 0.7932

Flight Crew: 0.2563
Passenger: 0.6599
Maintenance: 0.0837

Flight Crew: 0.0013
Passenger: 0.0013
Maintenance: 0.9973

-400

Red: Flight Crew

-300 -200

Blue: Passenger

Graphical Models

200 300

Green: Maintenance
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Smoothed Latent Dirichlet Allocation *

/ a distribution over topics

Dirichlet priors _— for each document
/ p@ ~ Dirichlet()
distribution over words @ topic assignment
for each topic ~ _r—for each word

T~ :
#U) ~ Dirichlet(p) / z; ~ Discrete(p @)
T

N word generated from
|+ assigned topic

a ] X; ~ Discrete(¢®))
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Stochastic Inference using Markov Chains

o Powerful family of approximate inference methods

Markov Chain Monte Carlo, Gibbs Sampling

 The basic idea

Need to marginalize over complex latent variable distribution

p(x[6) = I, p(x,20) = I, p(xI0) P(2IX,0) = E,-pzix.0)[P(X(0)]
Draw ‘independent’ samples from p(z|x,0)
Compute sample based average instead of the full integral

e Main Issue: How to draw samples?

Difficult to directly draw samples from p(z|x,0)

Construct a Markov chain whose stationary distribution is p(z|x,0)
Run chain till ‘convergence’

Obtain samples from p(z|x,0)

Graphical Models
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The Metropolis-Hastings Algorithm

@ Most popular MCMC method

e Based on a proposal distribution g(x*|x)
e Algorithm: For i =0,...,(n—1)

o Sample u ~U(0,1)

o Sample x* ~ g(x*|x;)

e [hen

T T S p(x*)g(xi[x")
Gy o= ¥t 0F <Al X )= min {1. ey }
x;  otherwise

Graphical Models 67



The Metropolis-Hastings Algorithm (Contd)

Graphical Models
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The Gibbs Sampler

@ For a d-dimensional vector x, assume we know

p(xjlx—j) = p(xj|x1, - - s Xj—1. Xj41, - -+ 5 Xd)

@ Gibbs sampler uses the following proposal distribution

N ()
g(x*|xD) = {P(Xj I

J)) if x*, =x_;
0 otherwise

@ The acceptance probability

A(xD x*) = min {1. pO)q(x V") } =0

p(x(D)q(x*|x()

@ Deterministic scan: All samples are accepted
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Collapsed Gibbs Sampling for LDA

@ Naive MCMC would sample all latent variables: (z, ¢, )
@ Observation: (¢, #) can be marginalized in closed form
e We can obtain p(x, z|a, ) but cannot marginalize z

@ Conditional distribution can be obtained in”closed form:

=
P(z; = h|x;; = .3 wh TP U
(Zy = hisy = Wz %, B) & n_f? . Dﬁ(nh'j + «)

where not including the current token,

nW ', = 7 times word w got assigned to topic h

n h” —= total number of words assigned to topic h
nhj # words from document j assigned to topic h

@ Perform Gibbs sampling using the conditional distributions
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Collapsed Variational Inference for LDA

Recall that p(x, z|a, 3) can be obtained in closed form

However, we cannot marginalize over z

o
o

e We approximate p(z|x, «, 8) with g(z|x, «, )

@ As before, we have a variational lower bound on log p(x|a;, /3)
o

The variational distribution is fully factorized

D m
Q(Z|";) = H H pdiscrete(zdjlﬁfdj)

g=] j=1

@ Exact variational inference can be expensive

@ Approximations for efficient inference

e Approximate sum of large number of Bernoulli variables with
Gaussian
e Second order Taylor approximation

Graphical Models
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Collapsed Variational Inference for LDA

@ With these approximations, the variational update is

n_Y + 3 . v U
Yo (h) c—=F——(n; ¥ + o) exp | ———*
n,fhj +D3 2(nh_jj + a)?

vV V_U
N —Uwh 5 F —1 § :
2(A.s +—B8)F 2(a . - DF)°

where, not including the current token,
° {7,1_}1 = D it i Yitjh the expected number of tokens in document
J assigned to topic h;
° v,;f-’ — Zi,#,. virjn(1 — 7irjn), the variance associated with the
expected count; and similarly for other terms

@ Ignoring the higher order information
n;“’h +

vy i(h) oc —2%
d.j(h) n}'f—%Dﬁ

(n;jj + «)
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Results: Comparison of Inference Methods
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Results: Comparison of Inference Methods
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Generalizations

e Generalized Topic Models
— Correlated Topic Models
— Dynamic Topic Models, Topics over Time
— Dynamic Topics with birth/death

« Mixed membership models over non-text data, applications
— Mixed membership naive-Bayes
— Discriminative models for classification
— Cluster Ensembles
« Nonparametric Priors
— Dirichlet Process priors: Infer number of topics

— Hierarchical Dirichlet processes: Infer hierarchical structures
— Several other priors: Pachinko allocation, Gaussian Processes, IBP, etc.
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CTM Results
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DTM Results

Proprtion of Science

Topic score

1880
energy
molecules
atoms
molecular
maiter

1900 1920 1940 1960 1980 2000
energy atom energy energy energy energy
molecules atoms rays electron electron state
atoms energy electron paticles particles quantum
matter electrons atomic electrons ion electron
atomic electron atoms nuclear electrons states

R Y N N AN,

"Alchemy" (1891)

quantum

1890 1910
molecules energy
enerqy theory
atoms atoms
molecular atom
matter molecules

1930
energy
electrons
atoms
atom
electron

1950
energy
particles
nuclear
electron
atomic

1970
energy
electron
particles
electrons
stale

1990
energy
electron
state
aloms
states

1800 1900

"Mass and Energy" {1907)

"The Wave Properties
of Eledrons" (1930}

1910 1920 1930 1940

atomic

1950 1240

Graphical Models

"Structure of the
Proton" {1974)

"Nuclear Fission" {1940)

"The Z Boson" (1990}

1970 1980

"Quantum Criticality:
Compeling Ground States
in Low Dimensions" (2000)

molecular

1980 2000
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DTM Results Il

Proprtion of Science

Topic score

1880 1900 1920 1940 1960 1980 2000
french states war war united nuclear european
france united states states soviel soviet united

enhgland germany united united states weapons nuclear
country country france american nudear states states
europe\ france \ british \ inlernalional\ international united \‘ countries
1890 1910 1930 1950 1970 1990
england states international international nuclear soviet
france united dates united military nuclear
states country united war soviet united
country germany countries atomic united states
europe countries american states states japan

"Farming and Food Supplies
in Time of War" (1915)

"Speed of Railway Trains
in Europe" (1889)

"The Atom and Humanity" (1945)
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"Science in the USSR" (1957)

"P ost-Cold War Nuclear
Dangers" (1995)

"The Costs of the Soviet
Empire" (1985)
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Mixed Membership Naive Bayes

*

 For each data point,

— Choose 7 ~ Dirichlet(a)

 For each of observed features f:
— Choose a class z, ~ Discrete ()
— Choose a feature value x,, from p(x,|z..f,,®), which could be Gaussian,

Poisson, Bernoulli...

"
II"\_\_\_\___.__/II

0
)
lm

™~

o~
e
V4 X f

m
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MMNB vs NB: Perplexity Surfaces

Perplexity

T——

s .
Smoothing 0 5 Smoothing
M.wber of Cleeene M~r-—ater Mumber of Classes  Parameter
[C=¢ NB /EENE MMNB [C3¢ ng :EEEE MVNB

(a) Training set

*MMNB typically achieves a lower
perplexity than NB

*On test set, NB shows overfitting,

Perplexity

but MMNB is stable and robust. 5 —
? s 40 45— 0.01 Smoothing
Number of Classes Parameter
[COc g 'HEE uNB 80
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Discriminative Mixed Membership Models

O )
\/Ot L‘/T[Z
Y
Yy | MEd - R
\_/ ". i . N7
C M Y Z XN D B k
(a) DLDA
|'/—_\\ ='/_>
UOZ \‘_ 7
Y
_\——u-- -I——i/—\'—l- - /—\\|
C_/l . \_/ . \_/
C i ¥ - X' N D O KN

(b) DMNB
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Results: DLDA for text classification

Nasa Classic3 Diff Sim Same
Fast DLDA | 0.9301£0.0128 IO.6866i0.0245 0.9823+0.0083 | 0.8718+0.0182 | 0.8468+0.0190
vMF 0.9216+0.0113 06000 0.U240 U 953000071 U AT To.0212 0. 7000 U.0347
NB .9334+0. 4 1| 0.6766+0.0230 0.981340.0069 0.861340.0216 0.841040.0262
LR [ 0.0200F0.01657 | 0.6396+£0.0252 | 0.955340.0157 | 0.6750+0.1330 | 0.482340.1283
SVM 0.919240.0146 0.6854+0.0278 0.956340.0105 0.83574+0.0156 0.8120+£0.2030

Generally, Fast DLDA has a higher accuracy on most of the datasets

Graphical Models
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Topics from DLDA

cabin flight Ice
descent hours aircraft
pressurization time flight
emergency crew wing
flight day captain
aircraft duty Icing
pressure rest engine
oxygen trip anti
atc 271 time
masks minutes maintenance

Graphical Models

aircraft
gate
ramp
wing
taxi
stop
ground
parking
area
line

flight
smoke
cabin
passenger
aircraft
captain
cockpit
attendant
smell
emergency
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Cluster Ensembles

Combining multiple base clusterings of a dataset

*OO0000

base clusteringl base clustering2  base clustering3

Robust and stable
Distributed and scalable
Knowledge reuse, privacy preserving

Graphical Models
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Problem Formulation

e Input & Output

A*
A Ay o Aoy

1

X | 2 P e | B
x|1 3 ... 3 —> 3
Data 2 ,
points & | E . ; ;
Xl 8 2 waw 8 6

Base clusterings Consensus clustering
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Results: State-of-the-art vs Bayesian Ensembles

/ N\

H‘HH algonthms | The result: ofbase MCLA CSPA HGPA MM K-means G-BCE VBCE \
‘HHR clusterings K-means cluster ensemble random initialization
dataset HH‘ Max | average | Max | average | Max | average | Max average Max averaze | Max | average | Max average ax average
1ns 0.8867 | 0.6267 | 0.8867 | 0.8867 | 0.5533]| 08167 || 07333 | 0733 | 09067 | 08867 | 05267 | 03267 | 08333 | 08637 /0 09600 | 0.8911
wibe 0.8541 | 07595 | 0.8840 | 08840 | 0.8B340 | 08840 | 03318 | 05188 | 08340 | 05840 | 0.8340 | 08689 | 0.88%3 | 0.8893) f 0.8893 | 0.8840
1onosphere 07125 | 0.6806 | 07123 | 07046 | 06832 | 06932 | 06333 | 06063 | 0717% | OTJLIL | 07084 | 07004 | 07236 | 07073 @ 07749 | 07113
2lass 05421 | 03140 | 05187 | 04766 | 04393 | 04393 | 04439 | 04234 | 05748 | 05519 | 05093 | 04363 | 05514 | 04867 f 06121 | 05526
bupa 04841 | 04537 | 03652 | 03652 | 05710 | 05710 | OS5188 | 03075 | 05710 | 05386 | 053365 | 03164 | 05710 05710 @ 0.5941 | 05664
pima 06602 | 05751 | 06602 | 06602 | 05065 | 05065 | 05260 | 05163 | 06654 | 06303 | 0.6029 | 06029 | 06615 | 0643 | 0.7044 | 0.6612
WIne 06629 | 03804 | 07247 | 07247 || 0.7416 | 07416 )| 03362 | 03250 | 07247 | 07129 | 04773 | 04775 | 06966 | 063391 | 07247 | 0747
magic(4 06451 | 06252 | 06481 | 08491 06451 | 06235 | 06330 | 06231 | 06491 | 06230 | 06481 | 06491 \§ 0.6531 | 0.6497
balance 05936 | 05114 | 05216 | 05188 | 0.5408 | 0.5408 | 04236 | 04256 || 0.6016 | 05514 (05824 | 05824 | 05714 | 05150 ) 05968 | 05293
sezmentation | 05710 | 05574 | 03657 | 05657 | 05810 | 05810 | 05419 | 04343 | 06233 | 03817 | 05710 05142 | 05233 | 05133 |f\0.6362 | 0.58%4
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Part Ill: Graphical Models for Matrix Analysis

e Probabilistic Matrix Factorizations

 Probabilistic Co-clustering

e Stochastic Block Structures

Graphical Models
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Matrix Factorization

 Singular value decomposition

Q

[ [

* Problems
— Large matrices, with millions of row/colums
« SVD can be rather slow

— Sparse matrices, most entries are missing
» Traditional approaches cannot handle missing entries
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Matrix Factorization: “Funk SVD”

N\
P Xij - UiTVJ- —
u;' (X /)\( )2
error = (X; —X;,
— ] - (X —u vy

e Model X ¢ R™™as UVT where
— Uisa Rk V js Rm=k
— Alternatively optimize U and V
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Matrix Factorization (Contd)

S 3
- Xij - UiTVJ- —

T N
i ./ error = (X;;-X; )

» Gradient descent updates
N\
U D = U @+ m (OX-X5) vy @

N
Vit = v O+ (OX-X) U Y

Graphical Models
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Probabilistic Matrix Factorization (PMF) *

N(0, c,21)
L U™ ~ N0, 5,21)
{_ i VJ o \_ VJ ~ N(O’TGVZI) ,
P Ry =Ny, o)
X ~ N(uv; , 6?) ‘_\I:I: ERERERE
RNl ERRERERE Oy Ou
el ‘
CIIII N\ @
U N
N©,c2l) 4  £z777 N
D111 /
o DIoIII i=1,...N
_______ j=1,...M
Inference using gradient descent G
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Bayesian Probabilistic Matrix Factorization

MMM .~ . v = vt o

p-v v v~ N(“O’Av)vAv~W(VO’ WO)

( A \ ui - N("'lu’ A u)
V.

r= Jr— r= r= 1= VJ ~N(uV,AV)
Iy I T I R” ~ N(UiTVj ’ 62)

IIII IIIIIIII
i-"’N(UiTV-,GZ) :I:I :I:I:I:I
: . L B
L1 SR

v,, W

— CTTTTTVIN "l” Wishart l
pnatntt A (), o
_______ N

;" N . —

Mo Eomes WD | G

R ] N ¥
____ A Gaussian @

. === =n j:l M Iy i=1....N

o

Inference using MCMC
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Results: PMF on the Netflix Dataset

10D The Netflix Dataset 30D
0.97 : : : : : . . 0.97 T 7 T T T T T T
1
1
096 0.96_ 1 N tfl- _
; . . 1 etflix
getﬂ'l’.( s '1 Baseline Score
aseline Score 095 17 - |
0.95 .
s 5o uy 0.94 1
2 094 . 2
e ® 0.93 ;
0.93 =
0.92 5
Aa s 0.91 .
Constrained
091 1 | | 1 1 1 1 1 1 09 PIMF 1 1 Il 1 Il 1 | 1 Il 1
) 10 20 30 40 50 60 70 80 90 100 0 5 10 15 20 25 30 35 40 45 50 55 60
Epochs Epochs
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RMSE

1.05

0.95

0.9

0.85

0.8

Results: PMF on the Netflix Dataset

20 T T T T T T T T
T T T T T
18
L R 16
"1 Movie )l
% 14
s Average
~

7 — 12

o 3

- —

~

heY 1 ? 10

) - - %

Constrained O~ =40 D

=]

" PMF 7
6
4
| i 2
1 1 | | | 1 1 1 1 0
1-5  6-10 11-20 21-40 41-80 81-160 161-320 321-640 >641 1-5  6=10 11-20 21-40 41-80 81-160 161-320 321-640 >641

Number of Observed Ratings Number of Observed Ratings
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Results: Bayesian PMF on Netflix

0.97

Netflix
Baseline Score

PMF
/
_ Logistic PMF
09! Bayesian PMF
0 10 20 30 40 50 60

Epochs
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Results: Bayesian PMF on Netflix

Bayesian PMF
0.92

0.915+
0.917

0.905+

RMSE

23 hrs. 90 hrs.
© o—

0.9+

0.895" 11.7 hrs. & - o
47 hrs. 188 hrs.

0'894 8 16 32 64 128 256 512
Number of Samples
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Results: Bayesian PMF on Netflix

1.2

1.1

RMSE

0.9+

0.8F

Movie Average
TTO---0---p._
P
e} Logistic o
PMF ‘e

PMF

1-5 6-10 -20 -40 -80 -160 -320 -640>641
Number of Observed Ratings
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Co-clustering: Gene Expression Analysis

il i 1] i g1 1 ] [ a i i ] i 12 -1 1En

Original Co-clustered

Graphical Models
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Co-clustering and Matrix Approximation

UV 1 2 3 4 5 (5 UV 1 3 5 2 4 b
1 66 54 B3 93 51 96 4 30 32| 80 83| -24 -21
2 35 87 37 26 84 22 2 35 37 | B4 87| -26 -22
3 68 HG6 64 92 2 04 5 63 60| 53 HH| 92 95
4 30 83 32 24 80 -21 1 66 B3| 51 H4 | 93 96
5 63 &5 60 92 53 95 3 68 B4 | 52 HE| 92 94
Original Matrix Z Reordered Matrix 2
ol 1 2
1 0 UV 1 E - V.Vl 2 3 4 5 6
2 1 0 3 =83t 533 1 T 0 1 0O 0 D0
S B e 2 | 640 535 937 2 (o v 0 0 1 0
4 bl Cow Parameter Matrix 3 o o 0 1 0
5 D1 .
Column Clustering
Fow Clustering
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Probabilistic Co-clustering

i i i Row clusters: m O

d O Column clusters:

O W O 0O WO N

=

H OO B B[O N
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Probabilistic Co-clustering

—
I
[

oa

0
T

e
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Generative Process

* Assume a mixed membership for
each row and column

 Assume a Gaussian for each co-
cluster

Pick row/column clusters

nerate each entry of the matrix
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Reduction to Mixture Models

1o [5]
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Reduction to Mixture Models

Graphical Models 104



Generative Process

* Assume a mixed membership for
each row and column

 Assume a Gaussian for each co-
cluster

Pick row/column clusters

nerate each entry of the matrix
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Bayesian Co-clustering (BCC)

o ADirichlet distribution over all
possible mixed memberships
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Bayesian Co-clustering (BCC)

*

7N 7 )
./ N 1. For each row w,[u]i?,
|[11 : choose 7y, ~ Dir(ay)
ALOOSE M u t1)-
LR L ;
:’\” ) ( :‘; 2. For each column v,[v]}2,
— ‘\'\-__ - W = YO . 11
T , choose g, ~ Dir(as).
3. For each non-missing entry
| /l\ | /'L\.N in row u and column wv:
N N (a) Choose z; ~ Discrete(my,,).
Z, z, .
(b) Choose zy ~ Discrete(ms,).
- , | e . .
| /_.,lj\llkz i O (c) Choose @y, ~ pex|f.,-,).
N
(4] X
log p(X|ay, as, ©) # E log p(z,|aq, as, ©)

n=1
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Learning: Inference and Estimation

Learning
— Estimate model parameters («a,,«,,6)
— Infer *mixed memberships’ of individual rows and columns

Expectation Maximization

- E-step: Calculate posterior probability p(my, 7o, 21, Z2 |y, o, O, X)

to obtain log-likelihood L(«a, ©).

- M-step: Maximize L(a, ©) w.r.t o, O.

Issues
— Posterior probability cannot be obtained in closed form
— Parameter estimation cannot be done directly

Approach: Approximate inference
— Variational Inference

— Collapsed Gibbs Sampling, Collapsed Variational Inference
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Variational EM

Introduce a variational distribution ¢(71,m2,z1. 22|71, 72, @1, 02)
to approximate p(r.m. 2. zs|a1, 0,0, X)

Use Jensen’s inequality to get a tractable lower bound

logp(X|ag,an,0) >2E, [logp(X, 21,22, 1. 2|1, 2, O)]
+ H(q(z1,22,71,72))
Maximize the lower bound w.r.t (¢1,71, ¢2,72)
— Alternatively minimize the KL divergence between
q(71, T2, 21, 22|71, 72, 01, ¢2) and p(my,To, Z1, Zo |y, ao, O, X))

Maximize the lower bound w.r.t. (a1, as, ©)

Graphical Models 109



Variational Distribution

e Dir(v1), Disc(¢1) for each row, Dir(y2), Disc(¢2) for each column
Sir A oneoulioNe
() ()
\.___Kjl \_ &/2 Y, ‘ Q) 1 Y, (I) 5

Y '

N AN
J N/
Z Z, T Z T Z
1\ / n, I m “1 n, 2 |m_ “2
FH—@
X

-~
i
\
S

(a) row (b) column

119 o
q(T1, T2, 21, Z2| V1,72, 91, P2) = (H q(?rlu’“rlu)) X (Hg[:?rzy|’“f2y))

u=1 =1

™ o
X (ld ld fj[i’»lui-(-')1141){1[:,’:»21{1.(.‘)El,j)

u=1v=1
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Collapsed Inference

o Latent distribution can be exactly marginalized over (n,, mt,)
— Obtain p(X,z,,2,|a, a,,B) in closed form
— Analysis assumes discrete/categorical entries
— Can be generalized to exponential family distributions

e Collapsed Gibbs Sampling
— Conditional distribution of (z1uv,z2uv) in closed form
P(z,"V=1, Z,WV=) | X, Z;7WV, Z,., 0, O, B)
— Sample states, run sampler till convergence
« Collapsed Variational Bayes
— Variational distribution g(z,,z,|y) = [l 9(z,",z,"[y")
— Gaussian and Taylor approximation to obtain updates for y4
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Residual Bayesian Co-clustering (RBC)

I,/" I I TN N N
N N/ \. __,/': N
’0&1 o, o, ‘0&2
n 1 n
[ RN
./ N \__/ \__/
T T T T
]F "F_ \N l /,_\‘ I’/,_‘[\‘ ,/J[\,N n
J NI N NG Q
\/ | NNV =
e A \ / an
N N 'U‘
0 X 0 X my
Lyv ™ N(IL‘ ‘IJ’21 z2 0'51 zg) Luv ™ N(m‘u’ﬂ Z2 +bﬂ2"1u +bn2"21’? 021 Zz)
*(z1,22) determines the distribution *(m1,m2): row/column means
«Users/movies may have bias *(bm1,bm2): row/ column bias
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Results: Datasets

* Movielens: Movie recommendation data
— 100,000 ratings (1-5) for 1682 movies from 943 users (6.3%)
— Binarize: 0 (1-3), 1(4-5).
— Discrete (original), Bernoulli (binary), Real (z-scored)
e Foodmart: Transaction data
— 164,558 sales records for 7803 customers and 1559 products (1.35%)
— Binarize: 0 (less than median), 1(higher than median)
— Poisson (original), Bernoulli (binary), Real (z-scored)

 Jester: Joke rating data
— 100,000 ratings (-10.00,+10.00) for 100 jokes from 1000 users (100%)
— Binarize: 0 (lower than 0), 1 (higher than 0)
— Gaussian (original), Bernoulli (binary), Real (z-scored)
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Perplexity Comparison with 10 Clusters

Training Set Test Set
MMNB | BCC LDA MMNB | BCC LDA
Jester 1.7883 | 1.8186 | 98.3742 Jester 4.0237 | 2.5498 | 98.9964
Movielens | 1.6994 | 1.9831 | 439.6361 Movielens | 3.9320 | 2.8620 | 1557.0032
Foodmart | 1.8691 | 1.9545 | 1461.7463 Foodmart | 6.4751 | 2.1143 | 6542.9920
On Binary Data

Training Set Test Set

MMNB BCC MMNB BCC
Jester 15.4620 18.2495 Jester 39.9395 24.8239
Movielens 3.1495 0.8068 Movielens 38.2377 1.0265
Foodmart 4.5901 4.5938 Foodmart 4.6681 4.5964

On Original Data

114




Co-embedding: Users

0.4

27 0.2 I |
79
0 1 . BNl Ews |
0 5 10 15 20
0.4 : . . :
1.5} — i ]
Qr 933 92
3 Bl mmn  me = 0 EE
< 0 5 10 15 20
0.4 : . . :
Tr 0.2 :
a0 I- |
0 5 10 15 20
D 5 - 04 T T T T
0.2t :
374 I In [] -
% 5 10 15 20
Or movie cluster
User signatures
_0.5 | . 374‘:\
d o ID | Age | Sex | Occupation
. ' | | | T 30 3 administrator
-2 -1 0 2 3 374 | 36 M executive
470 | 24 M programier
033 | 28 M student
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Co-embedding: Movies

0.5
498

0.5 -
1023 I [
0 1 | | 1 | -_
7

1 2 3 4 5 6 8 9 10
0.5 1
995
1023 =
IO 1 2 3 4 5 6 7 8 9 10
o 05 1
1233
e BN e B
1 2 3 4 5 6 7 8 9 10
user cluster
Movie signatures
D Movie Keywords
498 | The African Queen American Expatrnate, Boat,

Mission, African Tribe

Movies

995 Kiss Me. Guido Italian Food, Homosexual,
Pizza, Gay Interest
1023 Fathers" Day Seduction. Con.
Box Office Flop. Friendship
1233 Nénette et Boni Brother Sister Relationship, Teen,

Pregnancy, Teenage Pregnancy

Movie names and keywords.




RBC vs. other co-clustering algorithms

—&— SpecC5
. Lo
4 TA—mres2lg <RBC and RBC-FF
—%— BregC4 perform better than BCC
18.5 =3¢ BregC5
—¥—BCC *RBC and RBC-FF are
w —&— RBC
2 —=— RBC-FF also the best among others
17.5¢
17+

(10,5) (15:10) (20;15) (25:20) (30l25) (35l30)
(k1,k2)

Jester
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RBC vs. other co-clustering algorithms

~

‘ k1, k2 ‘ SpecC2 ‘ SpecCh ‘ BregC1 ‘ Breg(C2 ‘ BregC3 ‘ BregC4 ‘ BregCh ‘ BregC6 ‘ BCC RBC ‘ RBC-FF

5,10 0.1175 0.0979 0.0956 0.1073 0.0949 0.1201 0.1073 0.1715 0.0957 0.0943 0.0943

+0.0019 | £0.0013 | £0.0015 | £0.0026 | =0.0015 | =0.0033 | £0.0026 | +0.0080 | =0.0012f| =0.0012 | £0.0010

10,15 0.1141 0.0963 0.0948 0.0959 0.0942 0.1173 0.1090 0.2603 0.0953 0.0935 0.0935

+0.0016 | £0.0013 | £0.0013 | £0.0013 | £0.0012 | £0.0040 | £0.0037 | £0.0084 | +0.0011} | +0.0010 | £0.0011

15,20 | 0.1136 0.0960 0.0944 0.1100 0.0954 0.1178 0.1100 0.3399 0.0952 0.0931 0.0931

+0.0014 | £0.0009 | £0.0010 | £0.0040 | =0.0012 | +=0.0048 | +0.0040 | +£0.1112 | =0.0013{| =0.0013 | +£0.0013
Movielens

)

‘ k1, k2 ‘ SpecC?2 ‘ SpecCh ‘ BregC1 ‘ BregC2 ‘ BregC3 ‘ BregC4 ‘ BregCh ‘ BregCo6 ‘ BCC RBC ‘ RBC-FF

10,5 0.9758 0.9159 0.9123 0.9765 0.9819 0.9855 0.9415 1.4148 0.9591 0.9119 0.9136

+0.0221 | £0.0199 | +0.0194 | +0.0212 | +0.0217 | +0.0221 | £0.0154 | +£0.0168 | +0.0212 § +0.0196 |} +-0.0197

15,10 | 0.9767 0.9170 0.9126 1.0178 1.0206 1.0269 0.9875 2.0442 0.9582 0.9111 0.9113

+0.0214 | £0.0191 | £0.0200 | =0.0236 | +0.0237 | £0.0239 | £0.0229 | £0.0262 | £0.0217 § £0.0202 || =0.0204

20.15 0.9785 0.9187 0.9129 1.0561 1.0648 1.0670 1.0304 2.9876 0.9580 0.9106 0.9112

+£0.0209 | £0.0192 | £0.0196 | +0.0227 | £0.0222 | £0.0164 | £0.0217 | £0.0505 | £0.0215§ £0.0198 |} £0.0217

Foodmart

Graphical Models
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RBC vs. SVD, NNMF, and CORR

MSE

19
LL —6—SVD
- o A —3— NNMF A
18.5- —~A— CORR
| —&— RBC
—i— RBC-FF A

16('150,5) (15;10) (20l15) (25l20) (30125) (35:30)
(k1,k2)
Jester

Graphical Models

*RBC and RBC-FF are
competitive with other
algorithms
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RBC vs. SVD, NNMF and CORR

Graphical Models

k1, k2 SVD NNMFE | CORR RBC RBC-FF
5.10 0.0986 0.1086 0.4118 0.0943 0.0943
+0.0012 | £0.0012 | +0.0061 | +0.0012 | +0.0010
10,15 | 0.0988 0.1078 0.4118 0.0935 0.0935
+0.0011 | £0.0013 | +£0.0061 | £0.0010 | +£0.0011
15,20 | 0.0991 0.1080 0.4118 0.0931 0.0931
+0.0011 | £0.0012 | £0.0061 | £0.0013 | £0.0013
Movielens
k1, k2 SVD NNMF | CORR RBC RBC-FF
10,5 0.8998 0.9197 1.4528 0.9119 0.9136
+0.0210 | +0.0212 | £0.0281 | £0.0196 | +0.0197
15,10 | 0.8995 0.9216 1.4528 0.9111 0.9113
+0.0208 | +0.0207 | £0.0281 | £0.0202 | +0.0204
20.15 | 0.9021 0.9202 1.4528 0.9106 0.9112
+0.0211 | +0.0208 | +£0.0281 | £0.0198 | +0.0217
Foodmart

120



SVD vs. Parallel RBC

150

e SVD
—&— Parallel RBC

—

o

o
T

[4.)
o
T

Running Time (sec)

500 1000 1500 2000 2500 3000 3500 4000 4500
Matrix Sc:ale2

Parallel RBC scales well to large matrices
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Likelihood

Log=

Inference Methods: VB, CVB, Gibbs

Gibbs

CVB| VB

Movielens 3.247

4.553(5.349

Binarized Jester| 2.954

3.216(4.023

-600

& VB
O CvB
< Gibbs

-1200
-1800
-2400

-3000

SN S
PP SO S BSOS E S CS i S

lterations

Graphical Models
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Mixed Membership Stochastic Block I\/Iodels*

* Network data analysis

— Relational View: Rows and Columns are the same entity
— Example: Social networks, Biological networks
— Graph View: (Binary) adjacency matrix

e Model
e For each node p € N\

— Draw a K dimensional mixed membership vector 7, ~ Dirichlet ( & ).
e For each pair of nodes (p,q) € N X N

— Draw membership indicator for the initiator, Z, ., ~ Multinomial ( 7T, ).
— Draw membership indicator for the receiver, Z,_.,, ~ Multinomial ( &, ).

— Sample the value of their interaction, Y (p,¢) ~ Bernoulli (Epqu Ee—q Ji
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MMB Graphical Model

4 \6\§5\&8\o~8\

-

v?\\‘ :1{_2
% \ Zauayy Yo
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Variational Inference

e Variational lower bound
logp(Y|o,B) > E, [logp(Y,"1n,Z—.,Z_|0t,B) | —E, [logq(T1:n, Z—,Z_) |

« Fully factorized variational distribution

Q(ﬁleyZH;Z%ry’l:Na(Dqu)H) = H QI(ﬁpr) H (QZ(Epﬂq@pﬁq) q2(zp%q‘6p%q))
D p.q

e Variational EM

— E-step: Update variational parameters (y,¢)
— M-step: Update model parameters (a.,B)
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Results: Inferring Communities

Original friendship matrix Friendships inferred from the posterior, respectively
based on thresholding n,"Bn, and ¢,"Be,
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Precision

Results: Protein Interaction Analysis

0.9

0.7

0.5

0.3

0.1 —

Recall (unnormalized) 100 1K 10K 100K

IML

PR EY LA 9X

+

Gavin ct al. (2002, Aff. Precipitation)

Ho et al. (2002, Aff. Precipitation)

Tong et al. (2004, Synthetic Lethality)

Uetz et al. (2000, Two Hybrid)

Ito et al. (2000, Two Hybrid)

Ito et al. (2001, Two Hybrid)

Tong ctal. (2002, Two Hybrid)
Fromont-Racine et al. (Two Hybrid)

Drees et al. (2001, Two Hybrid)

Gasch ctal. (2001, Expression Microarray)
Gasch ct al. (2000, Expression Microarray)
Spellman et al. (1998, Expression Microarray)
Mewes et al. (2004, MIPS databasc)

MMB (MIPS data de-noised with Zs & B, 50 blocks)

. MMB (MIPS data summarized with I1s & B, 50 blocks
- Random

“Ground truth”: MIPS collection of protein interactions (yellow diamond)

Comparison with other models based on protein interactions and

microarray expression analysis

Graphical Models
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Non-parametric Bayes

Dirichlet Process Mixtures

Gaussian Processes

Hierarchical Dirichlet Processes
Chinese Restaurant Processes

Pittman-Yor Processes _
Mondrain Processes

Indian Buffet Processes
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